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Abstract 

We investigate the large deviations of the shape of the random RSK Young 
tableaux associated with a random word of size n whose letters are inde- 
pendently drawn from an alphabet of size m = ?n(n). When the letters 
are drawn uniformly and when both n and m converge together to in- 
finity, m not growing too fast with respect to n, the large deviations of 
the shape of the Young tableaux are shown to be the same as that of 
the spectrum of the traceless GUE. In the non-uniform case, a control of 
both highest probabilities will ensure that the length of the top row of the 
tableau satisfies a large deviation principle. In either case, both speeds 
and rate functions are identified. To complete our study, non-asymptotic 
concentration bounds for the length of the top row of the tableaux, i.e., 
for the length of the longest increasing subsequence of the random word 
are also given for both models. 
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1 Introduction and results 



Let Am = {oil < a2 < ■ ■ ■ < ckm} be an ordered alphabet of size m, and let 
a word be made of the random letters X™ , X™, • • • , X™, independently drawn 
from Am. The Robinson-Schensted-Knuth (RSK) correspondence associates to 
this random word a pair of Young tableaux, of the same shape, having at most 
m rows. Now for i = 1,2, ■ ■ ■ ,m, let Ri{n,m) denote the length of the ith 
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row of the Young tableaux, and recall that i?i(n, m), the length of the top row, 
coincides with the length of the longest increasing subsequence of the random 
word X{"X™ • • ■ X™. Appropriately renormalized and for uniform draws, the 
shape {Ri{n, m))™ of the Young tableaux converges, in law, to the spectrum of 
an m X m element of the traceless GUE ([IH], [SO])- In turn, any fixed size subset 
of this spectrum, also converges with m, and after proper renormalization, to 
a multidimensional Tracy- Wid om distribution ([29], [31]). These asymptotics 
have further led (see [S]) to the study of the limiting shape of these Young 
tableaux when the word length and alphabet size simultaneously grow to infinity. 
This is briefly recalled next. 

Let the random matrix X ~ (Xij)i<ij<m be an element of the mx m GUE 
with rescaling such that i?e(X,y) ~ n(o~1/2) and /m(Xy) - iV(0, 1/2), for 
i ^ j; and X-u ~ N{0, 1) (see [3] and [24] for background on random matrices). 
Let (A^,A2",-- - ,A™) be the nonincreasing ordered spectrum of X, and let 
(A™'°, A™'°, • • • , A™'°) be the corresponding ordered spectrum of an element of 
the traceless GUE (that is of X — trpCj/m). An important fact {e.g. [S], [T5] . 
[T5] ) asserts that 

/ \m,0 \m,0 \mfi\ 

\\ ' ■' = 1 J l<k<mJ 

where : M™ is defined via (0„(x))j = ELi^;*,! < j < k, and 

where {B^)Kj<m is a driftless m-dimensional Brownian Motion with covariance 
matrix 

/I p ••• p\ 



\P P ■■■ 1/ 

with p = — l/(m — 1), and where for 1 < k < m, 

IkMi = {t = itj,i ■■ I < j < k,0 <l < m) : tjj^i = 0, tj^rn-k+j = 1, 1 < .? < fc, 
tjd-i < tjj,l <j<fc, 1</<TO - l;tj,i < tj_i,;_i,2 <j<k,2<l<m}. 

By comparing the Brownian functionals in (jl.ip with discrete functionals 
representing the shape of the Young tableaux, and via a KMT approxima- 
tion, the simultaneous asymptotic convergence of the shape of the random RSK 
Young tableaux is obtained in [S]. 

A related strategy is pursued here in order to investigate the large deviations 
of the shape of the RSK Young tableaux. More precisely, wc obtain a large 
deviation principle for the length of the first r rows of the Young tableaux, 
when n and m simultaneously converge to infinity and when the size m of the 
alphabet docs not grow too fast. To achieve our goals, wc also rely on the 
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techniques and results developed in [3] (see also 0), where large deviations 
are obtained for the largest (or the rth largest) eigenvalue of the GOE. These 
methodologies further give the multidimensional large deviations for the first r 
eigenvalues of the ordered spectrum of the traceless GUE. In turn, combined 
with a KMT approximation, these lead to large deviations for the shape of the 
tableaux. 

Let us put our work into context. For random permutations, the large 
deviations of the length of the longest increasing subsequence are described in 
and [5S], while, moderate deviations are given in [52] and [13]. Closer to 
our framework, in [T7], following the comparison method of 0] and [S], large 
deviations for the last-passage directed percolation model close to the x-axis 
are established for iid Gaussian or bounded weights. The length of the top 
row of the tableaux also corresponds to a last-passage percolation, but with 
dependent (exchangeable in the uniform case) Bernoulli weights (see (|2.3p ). In 
our framework, we also take care of the other rows of the tableaux. 

Here is the first result of our work. 

Theorem 1.1 In the uniform case, let m and n simultaneously converge to 
infinity in such a way that m{n) = o[n^/^). Then, for any r>l, 

i?i(n, m{n)) — n/m{n) Rr{n, m{n)) — n/m(n) 



satisfies a large deviation principle with speed m{n) and good rate function Ir 
on the space := {(xi,X2, • • • ,Xr) G : xi > X2 > ■ ■ ■ > Xr}, where 



Ir{xi,X2, ■■■ ,Xr) 



2E[=l/2'V(^/2)'-lrf^, ^f Xi>X2--->Xr>2, 

+00, otherwise. 



In other words, for all xi > X2 ■ ■ ■ > Xr > 2, 

1 ( Ri{n,m{n)) - n/m{n) 

hm -—- log P ^ > xi , 

m[n) \ y/n 



(1.3) 



Rr{n,m{n)) — n/m{n) 
while for any x <2 and 1 < i < r, 



> = -2 ^ ^ " V(z/2)2 _ 1^^^ (14) 



hm 4-logP ( R^i^Mn))~n/m{n) ^ 
■ m[n) \ y'n ' 



n^oo 



Remark 1.1 The rate function Ir in (|1.3|) is a good rate function. Moreover 
it is continuous and increasing with respect to each individual variable on its 
effective domain T>i^ = {{xi,X2, • • ■ ,Xr) (z W : xi > X2 > ■ • • > Xr > 2}, 
given that the other variables are fixed. Thus, when proving the large deviation 
principle (LDP) as in Theorem \l.l[ instead of proving both the usual upper and 
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lower bounds, i.e., that for any closed set F in ~ {{xi,X2, ■ ■ ■ ,Xr) G : 
Xl > X2 > ■ ■ ■ > Xr}, 

limsup^— logPfX" e F) < -inf /r, (1.6) 
„-^oo m{n) F 

and that for any open set O in C , 

liminf logP (X" eO)>- inf (1.7) 

n->oo m[n) O 

where 

^ f Ri{n,m{n)) - n/m{n) \ 

V )l<^</ 

it is enough to prove a limiting equality on rectangular subsets as in (|1.5p and 



In Theorem 11.11 if at least one of the renormahzcd variables is on the left 
of its simultaneous asymptotic mean, by changing the convergence speed from 
m to m^, a more accurate form of (jl.Sp is valid. The closed form expression 
obtained for K below was found after Satya Majumdar kindly suggested that 
the methodology developed in [25| would apply to our traceless GUE framework. 

Theorem 1.2 In the uniform case, let m and n simultaneously converge to 
infinity in such a way that m{n) ~ o(n^/^). Then, for any r > 1, 

Ri{n, m{n)) — n/m{n) Rr{n, m{n)) — n/m{n) 



satisfies a large deviation principle with speed (m(n))^ and good rate function 
K{xr) on the space := {(xi,X2, ■ ■ ■ ,Xr) G : xi > X2 > ■ ■ ■ > Xr}, where 
K is the rate function of the largest eigenvalue of the m x m traceless GUE, 
when on the left of its asymptotic mean. It is given by 

K{x):^ inf /(^), (1.8) 

where I ( see (|A.5|) ) is the rate function for the IDP of the spectral measure 
of the GUE, and M.o{{—oo,x\) is the set of zero mean probability measures 
supported on [—oo,x\. For x <0, K{x) = +oo, for x > 2, K[x) = 0, and for 
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< a; < 2, 



^ f f ^ , / , \ 2/3 



K{x) = ^(3 ( 9v^32/3 (v/81a;2 + 12-9, 



a; I - » I x^- 



1/3/ / \l/3 



9v^y3 [y^lx"^ + 12 - 9xj (^v/27a;2 + 4 (^^81x2 + 12 - 9xj - 5v^v^j .t- 
6^3^/3 (ySLz^M^^ - 9x) ^^^-3 22/335/6 ^27a;2 +4 (^81^2 + 12 - 9x) ^^'^ + 
161og(V81a;2 + 12-9a;) -48 log (2^- ^^2 V81a:2 + 12 - 9a ^ 



60 + 321og6). (1.9) 

/ti other words, for all x^ < Xr-i < ■ ■ ■ < Xi , wif/i < 2, 



< xJ = -/•sr(x,.), (1.10) 



lim -— -logP ' ^ ^ < xi, 

Rr{n, m{n)) — n/m(n) 
\fn 

while for all 2 < Xr < x^-i < • • ■ < xi, 

1 , ^/ R-\(n,m(n)) ~ n/m(n) 
lim -— -logP ' ^ <a;i,... , 

Rr(ji, m{n)) — n/m{n) 
\fn 

The LDP for the longest increasing subsequence is now a simple consequence: 

Corollary 1.1 Let m and n simultaneously converge to infinity in such a way 
that m{n) = o(n^/^), then for any x > 2, 

1 , ^ / R\(n,m(n)) ~ n/m(n) \ n — r-r^ , 

lim —^^ logP ' ^ ^1- > X = -2 / ^{z 2Y - Idz, 

■ m[n) \ ' ' 



<Xr]^0. (1.11) 
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and similarly, i/m(?i) = o(n ' ), /or any x <2, 

1 , ^ R-\(n,m(n)) — n/m(n) \ , , 

lim logP ' ^ ^ ^ ^ < X U -X(x). 

Remark 1.2 The methodologies developed in this paper also allow to derive 
LDPs in related problems. Such is the case for last-passage directed percolation 
close to the x-axis, or for the departure time from many queues in series when 
the number of customers is a fractional power of the number of servers. In these 
two problems, similar discrete functional representations are available but with 
lid weights, so the large deviations rate functions should be the corresponding 
rate functions of the largest eigenvalue of the GUE. 
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When the independent random letters are no longer uniformly drawn, let 
the X™, 1 < i < n, be independently and identically distributed with P(X™ = 
aj) = I < 3 < m. Moreover, let = maxi<j<mp™, let = 

max{pj* < : 1 < j < m}, and let also J{m) = {j : pf = p'^ax}: with 

fc(m) = card{J{m)), i.e., kim) is the multiplicity of p^^ax- 

Theorem 1.3 In the nonuniform case, let k[m{n)) and n simultaneously con- 
verge to infinity in such a way that k(m{n))^ /p^^^ = o(n). Let also 

^^^"^^ = o(exp(-fc(m(ri))")), for some a>l, (1.12) 

Pmax 

Ri{n,m{n)) - np^^^ 
^ nk{m{n))p^^^ 

satisfies a LDP on M with speed k(m{n)) and good rate function Ii. 
In other words, for any x > 2, 

lim logP ^ " -^""^ > x = -2 / J{z - Idz, 

n^ook{m{n)) I ^nk{m{n))pr^,, " i / VW^ 



then 
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while for any x < 2 



(1.13) 



li^ — i^logP ( M nMn))-np- ^^ _ ^^^^^ 
n^oo fc(m(n)) \^ ^nfc(m(n))p™„,^ / 

Above, the conditions on p™^^. match exactly those of Theorem ll.il 

When the renormalized variable is on the left of its simultaneous asymptotic 
mean, again we get a more accurate form of (|1.14p . Before presenting this 
result, let us first recall a few facts. For the alphabet Am with corresponding 
probability set V = {pT,pT^ ' ' ' -Pml. let P^^' > P^^' > • • • > p^'\ 1<1 <m,he 
the distinct elements in V, and let di, • • • ,di be the corresponding multiplicities, 
with d-i ~ Then p'^^ = p^ax ^^^^ " k{m) as in the previous 

notations. Let Gmidi, ■ ■ ■ ,di) be the set of m x m random matrices X which 
arc direct sums of mutually independent elements of the di x di GUE, I < i < I. 
Moreover, let > p(2) > • ■ ■ > P{m) be the non-increasing rearrangement 
of V. The "generalized" m x m traceless GUE associated with V is the set, 
denoted by G'^{pTiPTj ' ' ' jPm)7 of m x m random matrices X", of the form 

ij, otherwise, 

where X G Gm{di,--- ,di). Let Aj be the largest eigenvalue of the diagonal 
block corresponding to p'^' = Pmax 
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Theorem 1.4 Let k(m{n)) and n simultaneously converge to infinity in such a 
way that k{m(n))^ jp^^^ = o{n), let 

yP2nd) _ ^ o(exp(-fc(m(n))")), for some a > 2, (1.16) 



r'max 

and assume that for some < rj < 1, 

lim fc(TO(n))p™ax = V- (1-17) 

n— >oo 

Then 

i?i(n,m(n)) - 



^nfc(m(n))p™„^ 

satisfies a LDP on K. wit/i speed {k{m{n)))'^ and good rate function A',,, where 
Krj is the rate function of when on the left of its asymptotic mean. 
In other words, for any x < 2, 



i log p [ Ri{n,m{n))-n p 



w/iiZe /or any a; > 2, 



lim T^^^logP ( < , ) ^ 0. (1.19) 

n->oo (fc(m(n)))2 I ^nk{m{n))pK-^ ~ ' 



Remark 1.3 The rate function K^, is given by 

K,{x) = sup (xy - ySiy) + J(5(y)) + ^) , 
y<0\ ^ J 

where J is the rate function (with speed m?) of the largest eigenvalue of the 
m X m GUE, and for each y < 0, S{y) is the unique solution to J'{t) = y 
with t < 2. For x > 2, J{x) = 0, while for x < 2, the following closed form 
expression for J is obtained in JlOf . 



J{x) = ^ - 2; (^-12x + x^ + 30^12 + a;2 + x'^^ju + x'^^ 

- 216 log Q (x + v/12 + a;2) ^ y (1.20) 

In particular, Kq = J and Ki = K. For any < rj < 1, Krj{x) = 0, when 
X > 2. For < 1] < 1 and x G (—00, 2), Kjj(x) > and is asymptotically 
equivalent to 

X fx 
log 



2(1-77) V l-?7/ 

as X ^ —00. For 77 = 1, when < x < 2, Ki{x) ~ K{x) is positive and finite, 
asymptotically equivalent to — log a;, as x — > 0. 
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To complement the previous results, we provide corresponding concentration 
results. These rely in part on the concentration results for the largest eigenvalue 
of the m X m GUE matrix, obtained respectively in [T] and }20) . Comparing the 
forthcoming result with Corollary 1 we see that the deviation rates match the 
fluctuation results in this case. In turn these rates match the order of the tails 
of the Tracy- Widom distribution. 

Theorem 1.5 In the uniform model, let < a < 1/4, and let m < An"", for 
some A > 0. Then for any < e < 1, 



^' ^ ' > 2V^(l + e) 1 < C(A,a)exp|-- 



where 



C(Aa)=Cmax{A-/3,l}i±£exp{i±£}, 



(1.21) 



for some absolute constant C > 0. 

Likewise, let < a < 1/6, and let m < An", for some ^ > 0. Then for any 
< e < 1, 



i?i(n, m) — n/m 



<2V^(l~e)j <C(A,a)cxp|-^^J^|, (1.22) 



where 

C{A,a) = Cmax{A^l}- ^ cxp <^ — 

1 — do; y\ — ba 

for some absolute constant C > 0. 

Again, in the non-uniform case, we have similar results but under a further 
control of the second highest probability. 

Theorem 1.6 In the non-uniform model, let a > 3, and let k{m{n))°' / p^^^ < 
An, for some ^ > 0. Moreover, let 

-SE^KBcM-KHn))). (1.23) 
for some B > 0, then for any < e < 1; 

P { ^^(7'"^^-"^— > 2(1 + < C[A, B, a) exp (-,^^^1 , (1.24) 

where 

C{A, B, a) = Cmax{Ai°/3", 1} max{/B, 1}^^ exp | 

a — S [a — 3 

for some absolute constant C > 0. 
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Likewise, let a > 5 and let k{m{n))°' / p^^^^ < An, with some A > 0, and let 

< B exp(-fc(m(n))2), (1.25) 
for some B > 0, then for any < e < 1^ 

<2(l-e)^ <C(AB,a)cxp(--^(^^l, (1.26) 



where 

C{A,B,a) = Cmax{A''/",l}max{/B,l}^^^exp(^^i^l , 

a — 5 la — 5 } 

for some absolute constant C > 0. 



2 Proof of Theorem 11.11 and Theorem 11.21 

As in [5], let 

10, otherwise, 

be Bernoulli random variables with parameter 1/m. For a fixed 1 < j < m, 
the X™s are iid while for j ^ f, (X{"^-, • • • ,X™^) and (X™,, • • • ,X;'^j,) are 
identically distributed but no longer independent. 

Let S'JJ*'"' = X^iLi ^j"} be the number of occurences of aj among (X™)i<i<fc. 
Since for 1 < < Z < n, the number of occurences of aj among {X™-)k+i<i<i is 



rtmj QiTi,] 
•5; ~ '-'fc ' 



i?i(n,m)= sup E(^r'-d)' 



0=Zo</i<- -</m=n j^]^ 



with the convention that S"™'"* = 0. 

Moreover, letting Vk{n, m) = X]i=i 'ti), combinatorial arguments yield 
(see Theorem 3.1 in [15]) 

/c ni—k+j 

Vu{n,m)= sup ^ ^ fe] " ^E'L]) > 1 < fc < m, (2.2) 

te-f<=,™(»)j=i 

where 

IkM = {t = (tj, z : 1 < J < fc, < Z < m) : 
^jj-i = 0' tj,m-k+j = n,! < j < k; t^^i^i < t^^i, I < j < k,l < I < m - 1; 

tj,i < 2 <j<k,2<l< m}. 
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Let = (X- - l/m)/a„„ with al = {l/m){l - l/m), let 5,"'^' = Eti • 
Similarly define 14 (n, m), 1 < fc < m and let Rk{n, m) = Vk{n, ■m) — Vk-i{n, m), 
2 < fc < m, while to) = Vi(n,m). Clearly Vfc(n, m) = (TmVk{'n,m)+kn/m, 

and 

Rk{n,in) — n/m 1 Rk{n,m) 



TO yriTO 
Let 

fc vi—k+j 



yfc(n,TO)= sup >' >' l<fc<m, (2.3) 



with 



co^;(5^^5^^) = ^' ^: (2.4) 

kp, otherwise, 



and p = —1/ (to — 1). 

Next, Vfe(n,TO) can be approximated by 

fc m—k+j 

Lu{n,m)= sup ^ ^ (bJ^. ^ - B^^. ^_ V 1 < fc < to, (2.5) 



te/fc,,„(ri 



i=i i=i 



where {B^)i<cj<m is a driftless m-dimensional Brownian Motion with covariance 
matrix given in (|1.2p . and 

Lfc(n, to) = ^/nLk{l, to). 
More precisely, inspired by [5], 

m 

|Vfc(n,TO)-ifc(n,TO)| <2fc^(y™^' + W^^), (2.6) 

(=1 

where 

max |5,r''-B,'| and = sup |B^-B^|. 

0<s,t<n 
|s-t|<l 

Since 



(i?fc(n,TO)) =0„M (Vfc(n,TO)) 

V / l<i<'m \ \ /I 



l<fc<m 
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for any e > 0, and from 

P ^ Rk{n, m) - {Lk{n, m) - Lk-i{n, m) 

/ m 

< P 2{2k - 1) + O > 



> \/mne 



1=1 



< 



4(2fc- 1) 



< 



E 



mP ( y™^^ > 



TO(8fc-4) 
m(8fc - 4) 



> 



mP MCl > 



4(2fc- 1) 



m(8fc - 4) 

He 
m{8k - 4) 



(2.7) 



for 1 < /c < m, and with the convention that LQ{n, m) = 0. 

From Sakhancnko's version of the KMT inequality as stated, for example, 
in Theorem 2.1 and Corollary 3.2 of pTj . 



y-m,l ^ 



?7i(8fc - 4) 



< (l + C2(TO)Vn) cxp < — ci(m) 



TO(8fc-4) 



(2.; 



where, as m — > +oo, ci(m) ^ Ci/-\/m and C2(m) ~ C2/\/m, for absolute 
constants Ci and C2. Moreover, 



W 1 > 



m(8A: - 4) 



4nP I B2 > 



< 4enexp 



?7i(16fc-8) 
,^2 



4em(16fc- 8)2 

Combining (|2.8p and (|2.9p . under the condition m(n) = o(n^/^). 



(2.9) 



^ Rk{n,m) - {ik{n,m) ~ Lk-i{n,m)j 



> \/ rmie ) < C^y/mn exp < — 



(2.10) 

for 1 < fc < ^, and where C3 is a positive constant depending on fc, which for r 
fixed, can be chosen only depending on r. 
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For any xi > X2 • • • > > 2, r > 1, and < e < {xr — 2), 

Rr{n, m) 



Ri{n,m) R2{n,Tn) 



(2.11) 



< 



Li{n, ra) — Lt){n, m) 



El 



> xi — e 



Lr{n, m) — L,._i(n, m) 



7 : 



> Xr ~ £ 



R.i{n,m) - {Li{n,m) - Li^i{n,m)) 



> e 



and 



Ri{n,m) R2{n,m) 



Rr{n, m) 



> Xr 



(2.12) 



> 



Li(n, m) — Lf){n, m) 



El 



> xi+ e 



Lr{n, m) — L,._i(n, m) 



7 : 



> x,. + e 



{Li{n,m) - Lj„i(n,TO)) - Ri{n,m) 



> e 



with again the convention that LQ{n,m) — 0. 

Combining (|l.ip with Theorem lA. II of the Appendix, when m and n simul- 
taneously converge to infinity in such a way that m(n) = o(n^/*), the large 
deviations for {Lk{n,m))i<k<r are then given by: 



lim 



■log 



Li(n, m(n)) 



7 7 



Lr{n,m(n)) — Lr-i{n,m{n)) 
\J m{n)n 

-2^2 r VWW^dz, (2.13) 



i=l 



for all xi > a;2 > ■ • • > Xr > 2. This implies that, 



Liin, m{n)) 



> xi ± e. 



Lr{n,m{n)) — Lr-i{n,m(n)) 



\ \J m{n)n \J m{n)n 

cxp {— TO(n) {Ir{xi ± e, • • • , Xj. ± e) + o(l))} , 



> Xr ± e 



where o(l) goes to as n converges to infinity. Combining this fact with (|2.10p . 
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for any 1 < fc < r 



Rk{n,m) - {Lk{n,m) - Lfe_i(n, m)^ 



> Jrane 



P vtl) > ^mn{x\ ± e), • • • , Lrin, rn) — Lr-i{n, m) > y/mn{xr ± e)^ 

< Cz^Jmn cxp | — + m{lr{x\ ± e, • • • , ± e) + o(l)) 
L Cam 

= CaVnT^exp <^ -— + —= {Ir{xi ± e, • • • ,a;r ± e) + o(l)) 

1^ TO V 63 V"- 

— >■ as TO, ri — cx), to = o(ri"'^/^). (2-14) 

From (|2.1ip and (|2.14p . as m and n simultaneously converge to infinity with 
TO = o(n"'/^), 

1 , ^ / RT(n,m(n)) Rr{n,m{n\] \ 

limsup — - logP - > XI, ■ ■ ■ , V^^^ > xr (2.15) 



n—>oo 



1 , ^1 Li (n, min)) 
< limsup^^log2P V ' ^ " > xi -£,••• , 

Lr{n, ni{n)) — Lr{n, m{n)) 



> Xr — e 



\J m{n)n 
= -Ir{xi - e, • • • ,Xr-e). 

Likewise, from ([2TT2)) and ((2?T4| . 

1 „ / R-iin^min)) Rr(n,m(n)) \ 

liminf^^logP >xu--- ,^^^T=d^>Xr 2.16 



n—yoo 



,. . n 1 , 1™/ L-[(n,m(n)) 
> liminf — — log -P \ ' ^ > xi + e 



n—¥oo 



m{n) 2 \^ ^Jm{n)n 

Lr{n, m{n)) — Lr{n, m(n)) 



> Xj, 



= -Ir{xi +£,••• ,Xr + e). 

Now letting e — > 0, 



1 , ^/ Ri(n,m(n)) Rr(n,m(n)) 
lim — - logP '\ ' ^ " > Xi, • • • , ' \ ' ^ > 
- m[n) \ y/m{n)n yjm{n)n 



n— f 00 



^2^ r^iz/2y-idz, 



for any xi > X2 ■ ■ ■ > Xr > 2. Next, assume that xi > X2 ■ ■ ■ > Xk > Xk+i = 
■ ■ ■ = Xr ~ 2, 1 < k < r, with the convention that k ^ r corresponds to 
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xi > X2 • ■ ■ > Xr > 2. Under the conditions given in Theorem 1 for any e > 

. ^ 1 , ^/ Ri(n,m(n)) Rr(n,m(n)) \ 

liminf —r^ logP ^^-1^ - >Xi,--- , >-^^ > 

n^oo m(n) y ^Jm{n)n y/m{n)n J 

>-2^/ -Idz -2 / V(^/2)^ - ^dz. 

Letting e 0, gives 

. ^ 1 , ^1 Ri(n,m(n)) Rr(n,m(n)) \ 

hminf — - logP \ ' ^ > xi, • • • , \ ' ^ > Xr 
n-)-oo TO(n) y yjm{n)n yjm{n)n J 

>-2^/ y/{z/2)^ -Idz, (2.17) 

while, 

1,^1 Ri(n,m(n)) Rr(n,m(n)) \ 

limsup — - logP ^r--^ - >Xl,--- , r-T^ > 

. ,. 1 , ( Ri{n,m{n)) Rk{n,m{n)) \ 

< hmsup — - logP , ^ ^ >xi,---, , ^ ^ > Xk 

m[n) \ y/m{n)n ^m(n)n / 



1=1 



= -2^ / ' v/(^/2)^- Irfz- (2.18) 



Combining (PTT)) and (P?TS)) . ([Li)) is proved. 

Now fix X < 2, let < e < (2 - .t), then 



Rh(n,m) \ ^ I Lkin.ra) — Lk-A{n,ra) 



^ ^ / |.Rfc(»,m) - (Xfc(?t,TO) - £fc^i(n,m))| ^\ ^^^^^ 



for any 1 < fc < r. From (|2.24p . the first term on the right of (|2.19p is expo- 
nentially negligible with speed m. For the second term, from p.lOp . for any 
T > 0, 

P(^ Rk{n,m) - (^Lk{n,m) - Lk-i{n,m)^ > y^e^ e"^ (2.20) 

, f \/^ f ^ rn^T\) 

< GaV^inexp < ^tt ^ 7=^ r ^ as m, n — > oo, m = oin ' ). 

{ m \ C3 V"- / J 
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Next, letting T — ^ oo, we obtain that, for any x <2 and 1 < fc < r. 



lim 



1 



■log] 



Rk{n,m{n)) 
•m{n)n 



< X 



(2.21) 



m(n) 

which proves (|1.5p in Theorem ll.il ■ 

Proof of Theorem [TT2] 

First, p.lip is just a direct consequence of (jl.4p . Next, we prove (jl.lOp . Fix 
2/1 > 2/2 > • • ■ > yr, with Ur < 2. If K{yr) < +00, then there exists S > such 
that K(yr — 5) < +oo and such that for any < e < min{(5, 2 — i/r}, 



Ri{n,m) 



<yi, 



< Vr 



(2.22) 



< 



/mn 



< 2/1 + e, ■ 



'mn 



< 2/r + e 



\Ri{n,m) - {Li{n,m) - Li_i(n, to))| 



> e 



/mn 



and 



Ri{n, m) 



<2/i, 



Rr{n, m) 



< Vr 



(2.23) 



> 



Li(n, m) — Lo{n, m) 



/mn 



< 2/1 - ■ 



Lr{n,m) — Lr-i{n,m) 



< 2/r - e 



|i?i(7i,m) - {Li{n,m) - Li-i{n,m))\ 



> e 



/mn 



with once more the convention that Loin, m) = 0. 

Combining (jl.ip with Corollarv lA.li when m and n, simultaneously converge 
to infinity with m = o(n^/^), 



1 



hm 
n-foo myny 



■log I 



Li{n, m{n)) Lr{n, m{n)) — Lr-i{n, m{n)) 

< 2/1, • • • , / , , < Vr 



^ m(n)r 



\J m(n)f 



-Kiyr), (2.24) 



for all yr < yr-i < • • • < 2/i with < 2. Thus 



Li{n, m{n)) 
^ m{n)n 



< 2/1 ± 



Lr{n, m{n)) — L, -i('^, m{n)) 



^ m(n)n I 
e^^{-m{nf{K{yr±e) + o{l))}, 
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where o(l) is meant for an expression converging to zero as n converges to 
infinity. Combining this last fact with (|2.10|) . for any 1 < fc < r 

P Rk{n, m) - {ijk{n, m) - Lk-i{n,m)^ > y/nme^ 



Li{n, m) < ^mn{yi ± e), • • • , Lr{n, m) — i,._i(n, m) < ^mn{yr ± e) 

(2.25) 

<C3^/^cxp(^ (-^+'^{K{yr±e) + o{l)) 

— > asm, n— >oo, m = o{ii}^^). 
Repeating previous arguments, letting e go to 0, and since m — o(n^/^), 

1 , tr., / Ri(n,m(n)) Rr(n,m(n)) \ , 

lim —-2 logP 'U- < 2/1, • • • , <yr]= -K{yr), 

(2.26) 

for yr < yr-i < • ■ ■ < yi, with y^ <2 and K(yr) < +00. 

Now for fixed yi > 2/2 > ■ ■ ■ > yr, 2/r < 2, we tackle the case K{yr) = +00. 
Since 



Ri{n, m) 



<yi. 



Rr{n, m) 



< yr < 



Rr{n, m) 



< Vr 



^ / LJn.m) — Lr-i(n,m) \ 
< P — ' - — - < yr + e + 



\Rr{n, m) — {Lr{n, m) — Lr-i{n, m))| 



> e , (2.27) 



and when m and n simultaneously converge to infinity with ni = o(n^/^), the 
second term on the right of p.27p is exponentially negligible with speed m?, 
while the first term is, from ((2:24)) . dominated by e-'"(")'^(!''-+<^). Thus (|2:26)) . 
in this case, follows by letting e go to 0. 

Now let 2 = yr < yr-i < ■ ■ ■ < yi, then for any e > 0, 



. ^ 1 , ™ / Ri(n,m(n)) Rr(n,m(n)) 
liminf— -^logP '^^-lJ ^<yi,-- - , ^r—^" 



< Vr 



1 , ^ R\{n, min)) 
> liminf — logP ^r—^' < yi, ■ 
n^oc m(ny \ i/m(n)7 



n 



Rr{n, m{n)) 
yjm{n)n 



< 2 - e 



-K{2-e) 



(2.28) 



Again, letting e goes to zero, and since K is continuous (see the Appendix for 
a proof), we get 



hmmf logP , ^ ^ < yi, 



Rr{n, m(n)) 
\J m{n)n 



< yr > -i^(2) = 0. 
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Clearly, 



1 , ^ / Ri(n,m(n)) Rr(n,m(n)) \ 

limsup logP 'U- < yi, • • • , <yr]<o, 

m[ny \ ^/m(n)n ^/m(n)n / 

which proves the case yr = 2, and finishes the proof of the first part of Theorem 
11.21 From Lemma [A. II of the Appendix, we can prove ()1.8p . 

When a; < 0, A^o((— c«, cc]) is empty so K{x) = +oo and when x > 2, 
the semicircular probability measure belongs to Mo{{—oo,x]), thus K{x) — 0. 
When < a; < 2, the closed form expression of K given by (|1.9p can be derived 
using the techniques developed in |25j . Denote by fiQ the zero mean probability 
measure supported on (— oo,a;], minimizing 

^(m) = y^dfiiy) -JJ\og\t- y\d^l{t)d^i{y) - ^, (2.29) 

(/io will be explicitly found below, however, its existence and uniqueness also 
follows from Theorem 1.3 in Chapter 1 of [27]. Moreover, in view of Theorem 
2.5 in Chapter IV of |27l . /xo is absolutely continuous with continuous density 
Po)- 

Consider the Lagrange function 

E{^j) = /(^) + ci (^j d^i{y) - 1^ + C2 j ydfi{y), 

where the Lagrange multipliers ci and C2 correspond to the constraints that /x 
is a zero mean probability measure. Taking the directional derivative of E(fi) 
with respect to po gives 



log\t ~ y\dpo(t) + ci + C2y = 0. (2.30) 



2 

In turn, differentiating p.30p with respect to y further gives, 

y-2p.v. /^dt + C2 = 0, (2.31) 

J y-t 

where p. v. denote the Cauchy principal value. Let [i',a;] be the support of fj.Q 
(that L' is finite will be shown below but this also follows from Theorem 1.10 
or Theorem 1.11 of Chapter IV in [27]), then the finite Hilbert transform 

1 rpoit),. y + c2 

p.v. / at — 



TT J i^, y ~ t 27r 
becomes 

1 r/.(i),, x + y + C2 

—p.v. / at — 



TT Jl y-t 27r 
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where L = L' — x and fx{t) = Po{t + x) is supported on [L, 0]. From Section 4.3 
of [32], this finite Hilbert transform can be inverted as 



..X 1 / f" \/ {t - L)(-t) X + t + C2 , \ „„x 

Uy) = p.v. / ^\ ^ ^-dt + C3 , 2.32 

^^{y-L){-y) \ Jl t-y 2^ J 

where L < y < 0. Then, 

/■" ^{t-L){-t)x + t + C2 

p.v. / at 

Jl t-V 27r 

= ^ (4c2(i - 22/) + ^2 + 4^L{x + y)- Sy^x + y)) . (2.33) 
From fx{L) 0, we get 

C3 = ^ (4£(C2 + x-) + 3i2) , 
and plugging this into p.32p yields 



, . X VyiL-y){2c2 + L + 2{x + y)) 
^^^y^ A^y ■ 

Now from the two constraints J dfio{y) — 1 and J ydfiQ{y) = we get 



which further gives 



Vfx{y)dy + a; = 0, / fx{y)dy = 1, 



_ 2 2^/3 ( V81^^TT2 - 9x) - 4 61/3 
I/— 575 1 (2.34) 

32/3 (V81a;2 + 12 - 9x) ^ 

and 

2 32/3 - ^ (V81x2 + 12 - 9a;)'/' 

'=2 = ^ TjT- 

22/3 (V81x2 + 12-9x) ^ 

^32/3 (V81a;2 + 12 - 9x)'/' + ^ ^2^33^ ^ 

18x 

Integrating (|2.30p with respect to fio gives, 

log|y-t|d/^o(0'^/^o(2;) = 7 I y^di^iQ{y) + ^, 



(2.35) 



while Ci can be determined by substituting y ~ x in (j2.30p . 

a;2 /■ 

ci = — ^ + 2 / log Ix - t|dAio(i) - C2X. 
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Finally, 

= ^ J y^dfioiy) - jj log |t - y\dfioit)dfio{y) - ^ 

= llj^ + yfMy)dy - ^ iog(-y)/.(y)dy + Y + ^ " i- (2-36) 

Plugging L and C2 into (|2.36p gives the closed form expression for K. ■ 



3 Proof of Theorem 11.31 and Theorem 11.41 

Recall that 

m 

Ri{n,m) = Vi{n,m) = sup X'l'S';™'^ - 

O=lo<li<---<l„^=n , ^ ^ 



Then, let 



y;(n,m)= sup E(^r-^r')' 



O=;o<ii<---<im=ri 
Ij — i—lj for j^J{rn) 

where from Lemma 9 of [9], 



E (jVi{n,m) - V^i'(n,m)|) < Cnp™^, (3.1) 

with C > some absolute constant. 

To prove Theorem 11.31 let us first prove a lemma, 

Lemma 3.1 Let k{m{n)) converge to infinity with n in such a way that 
k{m(n))^ / p^^^ — o{n), then for any x>2, 

lim logP { > -2 r VWf^Uz^ 

n^oo k{m{n)) \ ^nk{m{n))p^,, ' ) J2 ^ ' ' ' 

(3.2) 

and for any x <2, 

linr _i_ logP { y^i ^Mn))-npZ a. _ < \ ^ (3 3) 

n^oo k{m{n)) y ^nk{m{n))p^^^ J 

Proof. 

As in the proof of Theorem 11.11 for any j £ J{m), set Xf^ = {X^^j — 

Pmax)/c^m, whcrc cr^, =^ KLt (1 " Pma^ ) , and sct 5™'^ = J^Li ^"j • ^euce 

Vi (n, m) - ^ V\' (n, m) 

IV Pmax ) ~ 



Vnkp^ y/nk 
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with the obvious notation for Vi{n,m). Since k{m{n))p^^^^ < 1, as n — >■ oo, 
Pmax ~^ 0, so (|3.2p can be reduced to, 



lim 



1 



logP 



Vi {n, m{n)) 



n^oo k{m{n)) \y/nk{m{n)) 

for any x > 2. 

Moreover, p.3p can be reduced to, 



> x] = -Ii{x), 



(3.4) 



lim 



1 



logP 



Vi {n, m{n)) 



n->oo fc(m(n)) \yjnk{m{n)) 



< .T = — OO, 



for any x < 2. 
Since 



with 



Vi {n, m) 



sup E(^r-^I^)' 



ij_i=ij for j^,/(m)-' 



Cov{Sl''\S\ 



m,i Qm,j\ 



fc, if i = j, 
kpi , otherwise. 



(3.5) 



(3.6) 



(3.7) 



where pi = —Pmax/i^ ^ Pmax)^ can be approximated via KMT by the Brow- 
nian functional F{n, k) 



F{n,k)= sup ^(bM-B^J, 

O=to<ti<---<ifc=«r^l 



(3.8) 



where (B^'')) i<r<fc is a /c-dimcnsional Brownian motion with covariance matrix 

I I pi ■■■ pi^ 
Pi 1 ••■ Pi 



Moreover, 



\Pi Pi ■■■ 1/ 



F{n,k) = ^^i^(l,fc), 



while from Corollary 3.2 and Corollary 3.3 in (14) . 



(3.9) 
(3.10) 



0=to<ti<---<tfc=l 
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where {B^)Kj<k is a standard fc-dimensional Brownian motion. Looking at 
the right hand side of (|3.10p . the first sum is a Gaussian random variable with 
variance at most 1/fc, while for the second part, it is well known that: 

k 

sup Y.(K-K-^) = ^i^ (3-11) 

0=to<ti<---<tfc = l 

where A^"' is the largest eigenvalue of a fc x element of the GUE (see the 
Introduction). For the large deviation of F{l,k) when it is on the left of its 
asymptotic mean, since Xi/Vk satisfies a LDP with rate function Ii and since 
the contribution of the Gaussian term is negligible, we get, as shown in the 
Appendix, that 

lim y logP(i^(l, k) > Vkx) = -Ii{x). (3.12) 
fc— >-oo k 

Next, as in the proof of Theorem 1 1.1[ 



^ Vi (n, m) — F{n, k) 



> V nke 



^)), ,3.3, 



where / is any element of J(m) and 

yr'= max ISr' -Sf I and = sup 

0<s.t<n 
\s-t\<l 



As in getting (|2.8p . we have 



^) < (l + C2(p™,Jv^)exp|-ci(KLJ^}, (3.14) 



where ci(p™^^) ~ Ci y^Pmax and C2{m) ^ C2^/p^[^, for some constants Ci and 
C2, and from (|2Jl) . 

for some positive constant C3 . Combining p.l4p and p.lSp , under the condition 

KMn)f /Pmax = o{n), we have 

P(|n(n,m)-F(n,fc)| > V^e) <C4fcy^^cxp|-^^^|, (3.16) 

for some positive constant C4. From p.l2p . for any x > 2 and < e < (x — 2), 
P(F(n, fc) > ± e)) = exp{-fc(/i(a; ± e) + o(l))}. (3.17) 
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Hence, 



V^{n,m) - F(n,k) 



> \/nke 



V{F{n,k) > Vnk{x±e)) 



k 



— ?> 0, as n — > oo, k{m{n))^ /p. 



e 



fc3 



3 /^rn 
max 



V ^Pmax 

o{n), 



(/i(x±e)+o(l)) 



and as in the proof of Theorem 11.11 this leads to p.4p for any x > 2. Applying 
the same arguments at the end of the proof of Theorem 11.11 we can prove that 
(|3.4p is valid for any x > 2. 

The proof of (j3.5l) is similar to the uniform case. First, from p.lOp and 
(|3.1ip . for any fixed x < 2, 



lim i logP(i^(l, k) < Vkx) = -oo. 
fc— i-oo k 



(3.18) 



Moreover, for any < e < 2 — x, 

P {vl{n,m) < Vnkx'j < 

^F{n, k) < V^{x + e)) + P ( {n, m) - F{n, k) > Vnke ) , (3.19) 



while 



Vi (ri, m) — F{n, k) 



> Vnkej can be further controlled by e 
with T > 0, arbitrarily large. Hence p.Sp holds true under the condition 
Hm{n))^/Plnax = o{n). U 

Proof of Theorem [TH 

Set X = {Viin,m) - npZax)/Vnk^^ Y = (Fi(n,m) - V^in^m))/ ^nkp^ax 
and Z = {V^ (n, to) - np™„^)/^?ifcp™„^. For any a; > 2 and < e < x - 2, 



and 

Moreover, from (|3.ip 



'(X > x) < P(Z > X - e) + P(|r| > e), 
'(X > x) > P(Z > a; + e) - P(|r| > e). 



> < 



(3.20) 
(3.21) 

(3.22) 



and from Lemma [331 

F{Z>x±e)= exp{-fc[/i(x ± e) + o(l)]}. 
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Under the condition (|1.12p . we have 



\Y\>e) ^Cp™,V^ 



< 7"^^ exp{fc[/i(x±e) +o(l)]} ^ 0, as n -> oo. (3.23) 



P{Z>x±e)- 

Letting e go to 0, and repeating the same arguments as in the proof of Theorem 
11.11 proves ()1.13p . for any x > 2, under the conditions given in Theorem ll.3l 
For ()1.14|) . for any x <2 and < e < 2 - x, 

F{X <x)< ¥{Z <x + e)+ F{\Y\ > e). 

From p.3p . ¥{Z < x + e) is exponentiahy neghgible with speed k{m), and from 
arguments as in ([3^, P(|y| > e) is bounded by e-'^t™)'^, T > 0, as n — >■ oo. 
Hence, letting T oo, P{\Y\ > e) is also exponentially negligible with speed 
k{m), which proves (|1.14p . ■ 

Proof of Theorem 11.41 and Remark 11.31 

First, (jl.igp is a direct consequence of (|1.13p . Next, we prove (jl.lSp . As 
in the proof of Lemma 13. 1[ when Vi{n,m), is on the left of its simultaneous 
asymptotic mean, it can be approximated by F{n,k) (see (|3.8p ). Hence the 
rate function K^j should be the corresponding rate function of the Brownian 
functional F{1, k) (see (|3.9p ) when it is on the left of its asymptotic mean, with 
convergence rate k{m)^. From the right hand side of p.lOp we know that this 
new rate function K^j will depend on rj, which is the limit of kp^^^. Moreover, 
for F{1, k), and from [TO] . 



v/l-KL.F(l,fc)^A?, 

where A? is the largest eigenvalue of the diagonal block corresponding to pl^^x 
in X°, and where X° is an element of G'^{pTiPT' ' ' ' 'Pm)- the rate function 

should also be the corresponding rate function of A" when it is on the left 
of its asymptotic mean with convergence rate fc(m)^. 

Again, from [TB], 

= A? + Vp^5- (3.24) 

where Xi is the largest eigenvalue of the k x k GUE and 5 is a standard normal 
random variable which is independent of Aj. 
Let 

j(x) = U^^f^<^Ma-oo,x]) if a; e (-00, 2], 
\o, if xe [2, +00), 

G.(-) = |*' (3.26) 
' \o, if X e [0,+oo), ^ ^ 
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where J is the rate function for with speed k"^ , is given in (jA.5|) . and G,, 
is the corresponding rate function for the Gaussian term. Now, see |10j . when 
x<2, 

J{x) = ^ - 2; (-72x + + 30Vl2 + a;2 + .xVl2 + .x2) 

-216 log ( i (x+\/l2 + xA] y (3.27) 



J' 



Hence, 

'{x) = ^ (-x^ + 36x - (12 + x2)3/2) , (3.28) 

J"{x) = ^{l2-x^ - xy/U + x'^^ . (3.29) 

Notice that < J"{x) < 1 for a; G (—00, 2). Moreover, by Taylor expansions for 
J and J', and for x < —5, 

^(a;) = y +log(-x) + J+ei(a;), (3.30) 

J'{x)=x+- + e2{x), (3.31) 
x 

with |ei(a;)| < 2/x'^ and |e2(a;)| < 4/|xp. 

From (p?24|) . it is well known (see [11], ES]) that, 

J(x) = A;,nG^(x) := inf {if,,(2/) + G^{x - y)}, (3.32) 

and taking Legendre transforms to get 

K,ix) = {r{y)-G;iy)y{x), 

where 

(inl if w < 

[^+00, II y > 0, 

so ^ 

i^„(x) = sup - r{y) + ^) . (3.33) 
v<o\ 2 ) 

Hence for ?7 = 0, Kq = J, for 77 = 1, /fi = iiT, while for < 77 < 1, interpo- 
lates between J and K. From the very definition of the Legendre transform, 

J*{y) = sup(a;y - J{x)) , 

for each y < 0, there exists a unique solution to J'{x) = y on x G (—00, 2], and 
we denote this solution by Sijj). S is an increasing function on (— oo,0] with 
5(0) = 2, limj,_j._oo S{y) = —00 and 

S'iy) 
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for y <0. Thus for y < 2, 



And as a consequence, 



riy)^ySiy)~JiSiy)). 



K,,{x) = sup ( xy - yS{y) + J{S{y)) + ^ 

y<0 \ ^ 



For y<0, let 



then 



Hx.-niv) xy~yS{y) + J{S{y)) 
K,,{y)^x-S{y)+vy, Kviy)' 



mr 

2 



J"{S{y)) 



so < for y e (-00,0), x e M and < < 1. When x > 2, for 

any o'< < 1, H'^^{y) > for y < with H'^^{0) > 0, thus Kr,ix) = 
snPy<o H^^niy) = H^.niQ) = 0. 

Now we consider the case when x < 2. First, from p.3ip . it can be shown 
that for y < —6, 

y < Siy) < y + 
and thus since x — J' {x) is increasing on (— oo, 2], 

S{y) - y = S{y) - J'{S{y)) <y + l- J' {y + 1) < - 



which further yields 



Moreover, when y < — 6, 



y < S{y) < y 



y + i 



Hx,r,{y) ~ [xy~y + J{y) + 



< \y\\Siy)~y\ + \J{S{y))~J{y)\ 



< 2 



y 



y + l 
<3 + 3 = 6. 

Combining p.34p with (|3.30p . we get that for y < — 6, 



1 — 1] 

Hx,n{y) - [xy + \og{-y) T^—y'^ 



\J'iy)\\Siy)-y\ 



< 7. 



(3.34) 



(3.35) 



When 77 = 1, for any x < 0, H'^ ^ly) < for y < 0, thus 



Ki{x) = lim Hx,i{y) = +00. 
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For < a; < 2, since S{y) — y is increasing on (— oo,0] with a range of (0,2], 
there exists a unique solution to H'^ ^{y) = x — S{y) + y = 0, and we denote 
it by Ti{x). Note that y = Ti{x) is the maximizer for Hx.i{y) and as a; — 0, 
Ti(x) — > — oo, thus there exists some 5 > 0, such that when x < S, 



Ki{x) = sup H^^i{y). 

y<-& 



Since for x < 1/6, 



sup {xy + log(-2/)) = -1 - log a;, 

combining this with (|3.35p gives for x close enough to 0, 

|A-i(a;)-(-loga:)| <8. 

When < r/ < 1, for any x < 2, there exists a unique solution to H'^ ^(y) = 
X ~ S{y) + rjy = 0, which is denoted by T^(.t). Note that y = Tjj{x) is the 
maximizer of H^^niy) and as x ^ — oo, Tjj{x) — > — oo. By repeating arguments 
as in the case ij = 1 we get as x — ?> — oo, 

X"^ / 

which is consistent with J(x) when 77 = 0. 

The rest of the proof follows exactly the proof of Lemma [Ol and of Theorem 
fOl ■ 



4 Proof of Theorem 11.51 and Theorem 11.61 

Left and right concentration inequalities for the largest eigenvalue A™ of an 
element of the m x m GUE are respectively given in [1] and [20]. More precisely: 

Proposition 4.1 Let m > 1 and let e > 0, then for some absolute positive 
constant Cq, 

P(A™ > 2V^(1 + e)) < Coe-"^'^'/^". (4.1) 
Likewise, for some absolute positive constant C'o, and all m > I and < e < 1, 

F{\T < 2V^(1 - e)) < Coe"™'^'/'^". (4.2) 
Next, to prove (|1.21[) . assume first that me'^'^ > 1. Then for any < e < 1, 

/ Vi{n,m) - n/m 



> 2^M(l + e) 



<p| J ^ 1 + o 



m - 1 iVKn,™) - Zi(n,?7i)| ^ e \ 
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As previously, 



m - 1 Li{n,m) c ,m,o 
~~Z. 7^ — ~ ^1 ' 



and 

\m !~_ \rn,0 , ry 

where Zra is a centered Gaussian random variable with variance l/m, which is 
independent of A™'*^- So, 



for some positive constant Ci . Now from (|2.7p , (j2.8p and (|2.9p , the second term 
on the right hand side of (|4.3p is bounded by: 



In order to reach ()1.2ip . we need to show that there exists a positive constant 
C{A, a), depending only on A and a, such that 

C(A,a)e-"<^'^'/'^(^^") > Cie-™''^'/^!, (4.4) 

C(A,a)e-"<^''"/^(^^") > CaV^e^^*^/^^™, (4.5) 

C(^,a)e-""'^'/'^(^'") > Camne-""^'/^^". (4.6) 

First, since me'^/^ > 1, (|4.4p can be satisfied by choosing C(A, a) > Ci. Now 
taking logarithms in (|4.5p . C(A,a) has to be such that: 



log 



Moreover, under the condition m < An"^ we have: 



Therefore, if a < 1/4, we just need to choose C{A, a) satisfying 



/AC2 1 ^ n2-^« 1 + a 



Since for all integers n> 1, 



■ log n > 1 — log 



A^Co 2 ^-l-4aV l-4a 
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we just need to guarantee that 



log TTTa — T + TTTa — T ^ T- 1 - log T-^l ■ (4-8) 



C{A,a) C{A,a) - l~Aa \ " 1 - 4a 
But from our choice of a, (1 + a)/(l — 4a) > 1, so by choosing 

CiA,a) > Cmax{A^/M}i^cxp ji^l , (4.9) 

for some large enough absohitc constant C, (|4.8p and (|4.5p are satisfied. 
Finally, by taking logarithms, (|4.6p becomes. 



log 



— ^ + log < me'/' -7777-^ + JT^ ■ 4.10 



From the condition m < An", we just need, 

Now repeating the previous arguments, taking the minimum on the right hand 
side of (|4.1ip . we have 

log Tvl T + Tvl T ^ I 1 - log z—n^ ■ (4.12) 



C(A,a) C(A,a) - 1 - 7a/3 V 1 - 7a/3 

Again, for < a < 1/4, 1 < (1 + a)/(l — 7a/3) < 3, so as long as we choose 



C(^..,>c„„MW3,i(_i±^„,|_i±iL.|, 



(4.13) 



for some large enough absolute constant C, C{A, a) will satisfy (|4.12p and hence 
also satisfy (|4.6I) . 

Combining and (|4.13p . if me^/^ > 1, and m < An", with a < 1/4, we 
can find a positive constant 

C{A, a) = Cmax{Aio/3, l}i±£ cxp ji^j , (4.14) 

so that (fL^ holds for aU < e < 1. When me^/^ < 1, 

C(Aa)e-™''''/^(^'"> >Ce-i/^>l, 

as C is large enough, and (|1.2ip follows naturally. So combining these two cases, 
we can find a positive C{A, a) as in (|4.14p . with C large enough, such that (|1.2ip 
holds. 
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Likewise, for the proof of (|1.22p . first assume that rn^e^ > 1, and 
/ Vi(n,m) - n/m 



\pnf< 



>2V^(l-e) (4.15) 



<P| J < 1-- 

m Z\/mn L 



m — 1 |Vi (n, m) — Li(n, m)\ ^ e \ 
m 2^mn ~ ^ / 

Repeating previous arguments, we get that, as long as m < An", with a < 1/6, 
we can find some positive constant 

4,Tl + a fl + a 



C(A,a) = Cmax{A^l}-— — cxp 



1 — 6a [ 1 — 6a 

so that (|1.22p is satisfied. Again, by taking C large enough, the case m^e^ < 1 
follows, and (|1.22p is proved. ■ 

The proof for the non-uniform case is similar to the uniform one. For ()1.24p . 
we first assume that ke^^^ > 1, then 

P f > 2(1 + 

( Vi{n,m)-V^{n,m) e\ ( . V^{n,m) ~ F{n, k) ^ e\ 

- [ 2>fc^ -3)+ K 2V^ -3) 



F(n,k) e 

^ LJ > 1 + - 

max c\ I T — o 

2\/nk J 



= Ai + A2 + A3. 
From (jX^ . and we have 



max^ 



A2 < Canfcexpj-^l + Czfc^np™^^ exp |-- 
A3 < P (^fe > + P (aJ > 2 (1 + ^ 
< C3 exp <^ — — } + C3 cxp 



C2Vk j ' 



C3 ^ ' \ Q 



29 



In order to reach (|1.24p . we need to show that there exists a positive C{A, B, a), 
depending only on A, B and a, such that 

r /rp3/2 ^ r 1,2 2) 

First, by taking logarithms in (|4.18p . we get 

log ^,/;, +logfc+ilog(nKLJ < ke'^' f-TvrV^ + • 
C{A,B,a) 2 \ C{A,B,a) C2Vek^J 

Next, 



C2V^ ~ Ay^^C2 ' 

SO if a > 3, then we can choose a constant C{A, B, a), satisfying (|4.18p . Actually 
here C{A, B, a) just needs to satisfy 

Ai/"C2 1 + ^ A3/2"C2(a + 2) 

log D — T + r^/ A D — T ^ 5- 1 - lor 



C(A,B,a) C(A,B,a) - a-3\ a-3 
which forces 

C{A,B,a) > Cniax{A2/",l}^i^exp(^i^l , (4.20) 

a — 3 l^a — 3J 

for a large enough absolute constant C. 

Second, by taking logarithms in (|4.16p . we have: 

log + log ( < - + loge 

^CiA,B,a)^ HVfcK^y- CiAB^a)^ ^ 

From p.23p and the assumption ke^^^ > 1, in order for (|4.16p to hold true, 
C{A, B, a) needs to satisfy 

CiVB k 2 

°^C{A,B,a) 2- C{A,B,a) 3°^ ' 

which further forces 

C(A,B,a) > Cmax{\/B, 1}, (4.21) 
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with the absolute constant C large enough. 

For (|4.17p . as we did in (|4.6p . and under the condition k°' /Pmax — ^i^h 
a > 3, we need to choose 

C{AB,a) > Cmax{Ai°/3M}^cxp|^| , (4.22) 

with the absolute constant C large enough. Finally, (|4.19p is easy to satisfy 
since fce^/^ > 1. Moreover, when ke^^^ < 1, then (|1.24p holds naturally given C 
large enough. 

Combining and (g^H), choosing 

C(A,B,a) = Cmax{A^^^^°',l}max{VB,l}^^^exp{ 

a — 3 [ 

with C some large enough absolute constant, (|1.24l) holds under the given con- 
ditions. Likewise, wc can prove (|1.26p . ■ 



a — 3 



A Appendix. Large deviations for the spectrum 
of the traceless GUE 

For any integer m > 2, let the random matrix X be an element of the m x m 
GUE. Let (Ai, A2, • • • , Xm) be the spectrum of X, and let 

(Cl: ^2, ■ ■ ■ , Cm) = ^^(Al, A2, ■ ■ ■ , Am). 

Jm 



The joint probability density of (d, ^2, • ' ' ^ Cm) is given by 

0m(?l,e2,--- ,Cm) = ^CXp|-^f]A2l J] (A.-A,)^, (A.l) 

L i— 1 ) l<i<j<m 

where 

Z„^^i2TT)'^m-^Y[j\, (A.2) 

j=i 

see Theorem 2.5.2 in [3] and also Theorem 3.3.1 in |24j . 

Let (A°, A2, • • • , A^) be the spectrum of X — tr(X)/m, an element of the 
mx m traceless GUE, and again, let 

(Cl I C2 7 ' ' ' I Ctti) — ~~/={^l^ -^21 ■ ■ ' ' -^m)- 

Jm 



The joint distribution function of (Ci , C2 > ' ' ' 7 Cm) is given by 

P(C?<S1,C2 <52,--- ,C<5rn) (A.3) 



27r / (j)mixi,X2, - ■ ■ :Xm)dxi ■ ■ ■ dx„i-i, 
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where 

^ m 

£(si, • • • , Sm) < X = (xi, • • • € M™ : ^ = 0, and Xi < Sj, 

i=i 

for each i — I, ■ ■ ■ , i 

Let (^™, • • • , C™) be the nonincreasmg rearrangement of (^i, ^2, • ' • 7 ^m), 
and let ■^2*'°, • • • j6m'°) be the nonincreasing rearrangement of 

then, e.g., see [B], 

(er,e2",--- ,C) = (C°,e2"'°,--- ,C'°)+.9™e„„ (A.4) 

where gm is a centered Gaussian random variable with variance \/m? , indepen- 
dent of the vector (^™'°' ' ' ' 7 ?m'°); f-iid where e,„ = (1, 1, • • • ,1). 

As shown in [7], the law of the spectral measure //™ = -^YllLi satisfies 
a large deviation principle on the set 7'(M) of probability measures on M, and 
with good rate function /, in the scale m^. Moreover, / is given by 

^(/^) = \j x^dfi{x) ~ jj\og\x- y\dfi{x)dn{y) ~ J, (A.5) 

and its unique minimizer is the semicircular probability measure 



^'i-\x\<2V4:~ x'^dx. 



Based on this LDP for /t"', the LDP for the largest (or rth largest) eigenvalue 
of the GOE with an explicit rate function is obtained in [6] and [2] (see also 
[18] for generalizations). Following the approach and the techniques developed 
there, and taking into account (|A.4p . we get a multidimensional LDP for the 
first r eigenvalues of the tracelcss GUE: 

Theorem A.l Let r e N, on CJ' {(xi, .T2, • • • ,x^) eW : x-y> X2> ■ ■ ■ > 
^r}; (^i"'"? C™'"' ' ' ' I ^r"'*^) satisfies a LDP with speed m and a good rate function 



I J. {x\ , X2 ; ' ' ' : ^r) 

Proof. Let 



2 E[=i ST Vi^JW^dz, if Xi>X2--->Xr>2, 
+00, otherwise. 



™ I i=l ) l<i<j<m i=l 

From [5], (^™,^™, • • • satisfies a LDP with speed m and rate function 

on C^. To prove the validity of the same results for (■Ci" '^i^^ ^i ' ' ' it is 

enough to show that 



limsupllogQ„(C'°<a^) = -oo, (A.6) 
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for any x < 2, and since Ir{xi, X2, ■ • • ,Xr) is continuous, increasing for any 
individual variable, on £^ Ci [2 , ooY , 

lim -logQ„(C^°>a;i,--- ,C°>a;.) / Viz/2y - Idz, 

(A.7) 



for all xi > a;2 ■ ■ ■ > a^r > 2. 

First, for x < 2, let (5 = 2 — x, so 

Qm(C'° < a;) < g™(C'° + 5m < + V2) + F(.g™ > J/2) 

= Om(C < + V2) + F(5„, > ,5/2). 

Since, 

P (5m > (5) - e~™'*'/2^ as m ^ oo, (A.i 

(|A.6|) follows. 

For (|A.7p . fix xi > X2 • • • > X,. > 2, for any < e < x,., we have 
lim sup - log Q„ > XI , • • • , C'° > X. 

< lim sup - log (Q„ > a;i - e, • • • , C > a^r - e) + P (5m > e)) ■ 

m— f oo ^ 

Moreover, 

Qm (^r > 2^1 - e, • • ■ ,C" > 2;,. - e) = cxp{-m(/r(xi-e,X2-e, • • • , Xr-e)+o(l))}, 
where o(l) goes to as m goes to infinity. So for fixed < e < x^, 

P(5m > e) 



hence. 



— ^ 0, m — J- cxD, 



limsup — logQ„ ($"'° > xi, • • • > Xr) < -Irixx - e,X2 - e, • • • ,Xr - e). 



m— ^00 ^ ^ ' 

Likewise, 

liminf — logQ™ f^i"'" > a;i, • • • ,C"'" > ^-r^ > -~Ir{x\ + e,.X2 - e, • • • , x^ + e). 

m-J-oo m V / 

Letting e go to 0, the continuity of the rate function leads to (|A.7p . ■ 
For any /i e 'P(K), construct a discrete approximation of /i by setting 

x'" = inf i X e M : ^((-cx),x]) > — ^- — I, l<i<m, (A.9) 
I TO + 1 I 
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and = ^ X]fc=i ^^"^ (note that the choice of the length l/(m + 1) of the 
intervals rather that 1 /m is only made in order to insure that is finite) . 
Using these discrete constructions, set: 



/i e : ^ Vz" ^ 0, as CX3 L (A.IO) 



fi e 'P(M) : / xdfi{x) = L (A.ll 



X 

and 



It is easy to see that A" is a proper subset of 'Po(R.) since the condition in 
X implies that the mean of the measure is 0. With the help of this definition, 
following the proof in [7] , we can get the large deviation principle for the spectral 
measure of the traceless GUE: 

Theorem A. 2 The spectral measure jl^ = satisfies a large devia- 

tion principle on X in the scale and with the good rate function I. 

Proof. Since this proof closely follows [7], it is just sketched here. Write the 
density of the eigenvalues as: 



V2^ 



■ cxp < — m 



where = - J2T=i^ and 



/ / fix, y)dfi^{x)dil^{y) n • • • 



fix, y) ^\ix^+ V^) - log \x-y\. 

Let Qm be the non-normalized positive measure Q„i ~ Z^Qml ■ Via 
Stirling's formula. 



lim — r-log^^= / xlogxdx — - = — ^, (A. 12) 

m-^c^vn? Jo 2 4' 

so if under Qm, A™ satisfies a large deviation with rate function 

J(/i) = JJ fix,y)diiix)diiiy), (A.13) 

then combined with ()A.12p . this will lead to the statement of the theorem. 

First, observe that for any Borel subset A C X, any N e 

lim sup ^ log (Q™(AS' e A)) < - inf { [[ fix,y) A N d^iix)d^liy)\ . 

(A.14) 
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Moreover, from arguments as in [7], we get that (/i™)mgN are exponentially 
tight under Q„i on X. So we just need to prove (/i™)mgN satisfies a weak large 
deviation principle with rate function J{fx) under the measure Qm- The upper 
bound is obvious, since ^ — >■ JJ f{x,y) A Nd^{x)d^[y) is continuous for any 
/Li € A", so (|A.14|) shows that for any probability measure fi € X , 

limsuplimsup log (Qm(/<o" e B{ji, 5))) < - / / /(x, y) A Ndfi{x)dfi{y), 

where B{ii, S) is an open ball of center /i and radius d in X, with the distance 
between two probability measures /zi and in X is given by, 

gdfii - / gdfj.2 



d{^il,^JL2)= sup 

gGLipb(l) 

and where for some fixed 6 > 0, 

Lipb{l) = {,9 : M ^ K : \\g\\Ltp < 1, ||.g||co < b}. 
By monotone convergence, 

limsuplimsup^ log (Qm (A™ G B{fi,S))) ff f{x,y)dfi{x)dfi{y). 

(A.15) 

which finishes the proof of the upper bound. 

To prove the lower bound, let i' G X. Since = +oo if i/ has an atom, 
wc can assume without loss of generality here that it does not. Use the discrete 
construction (jA.9p for i' with i/'" ^ Y^7=i ^x^" ■ Since i/™ converges towards 
V weakly with probability 1 as m goes to infinity, for any d > and m large 
enough, if we set A„ := {^^ < ^§ < • • • < ^JJ^}, then 

Q™(A" e B{,.,5)) > f ( max |e° - x™! < -^1 n A™) (A.16) 

y [^l<z<m-l / 
» { m \ rn — 1 

^ / E(^^ + ^r)' n - + - ^71' n ^^^^ 



z— 1 J l<'i<j<m 2—1 

1 



m— 1 



X \xZ - cxp x^f m'S' j 

P m— 2 '/n— 1 



Z=l 4=1 



35 



where 

r(ei,--- ,U 

max 1^,1 <-_, ei<e2<---<e™, E^» + E^" = o ■ 

l<i<m-l Z\/m ^ — ' — ' 
V i=i i=i ) 

The last term in the right hand side of (jA.17[) can be bounded from below by 
changing variables — xi and — = 2<i<m— 1. Set 

TZ{xi, ■ ■ ■ ,x„i-i) 

S 5 5 1 
< xi < = , and < < 5- for2<i<TO— 1>. 



Recalling that, ^ YZi ^ «, 



„ m— 2 1 „ 771—1 m— 1 

/ n 11'^^*^/ n i^^i n 



-fAVl . (A.18) 

Hence, 

m—l f m ^ 



/ o\ 771 — 2 



-v^-^Ei^ri--^' . (A.19) 



Now by same arguments as in [7], we get 

liminfliminf ^log(g„(A?)" G B{v,8))) >- [[ f{x,y)dv{x)dv{y). (A.20) 

Combining (|A.15p and (|A.20p . the weak large deviation principle is proved, 
finishing the whole proof. ■ 

We are now ready to give the large deviation for when it is on the 
left of its mean. Let A^((— oo,a;]) be the set of all probability measures on 
{—oo,x\,x G R, let Mx{,{,~oo,x\) = M{{—oo,x\) n X, and let Ma{{—oo,x]) = 
Mii~oo,x])nVo{R)- Since {^"''° < x} = {/ij," e Mx{{-oo,x])}, then for any 
x<2, 

Aiogp(r^° 

For each x S R, let 



lim — logPUr <2; =- mf (A.21) 



K{x)= inf m. (A.22) 
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When X >2, the semicircular law a is both in Mx{{~oo, x]) and Mo{{—oo, x]), 
and so inf^g^^((_oo,a;]) = K{x) = I{cr) = 0. Moreover, when x < 0, 
and since both Aix{{—'X),x]) and A^o((— oo, x]) are empty, it follows that 
inf;,GAiA-((-oo,:r]) ^(m) = K (x) ^ I{a) = +00. 

When < a; < 2, and from arguments as in |T7], it is next shown that K is 
continuous. Indeed, for any y < and < a; < 2, let 

1 r r r 3 

Jt^{y^ '') = 2j ^ j y log I" - t\d^i{u)d^l{t) ~ -, (A.23) 

and let be the minimizer of /(/z) on Aii){{—Go,x\), then for any < e < a;, 
we have 

K{x) < K{x -e)< -^-^f^-"'^^^ , (A.24) 
where is the value which satisfies 

tdiy.^{t) = 0. 



Since the right hand side of (jA.24p converges to K{x), as e converges to 0, the 
left continuity of K is proved. 

To show the right continuity, notice that by a simple change of variables, 

K{x) = inf J'Jx), 

IJ.eMo{(-oo,x+e]) 

where 



\{x)^- {u-efd^i{u)- / \og\u - t\d^l{u)d^l{t) - -. 

~' J — oo J —oo J —oo 

Therefore, 

< K{x) - K{x + e) < Jl^^ {x) - K{x + e) = ^e^ 

thus by letting e go to 0, the right continuity of K follows. Likewise, it can be 
proved that inf,,£^^((_oo,x]) is right continuous with respect to x. 
Next we need a lemma which, when combined with (|A.21|) . gives 

lim logP <x]= -K{x), (A.25) 

for any x < 2. 

Our next lemma and its proof benefited from loncl Popescu input. 
Lemma A.l For any a; G M, 

inf m^K{x). (A.26) 

p.^Mx{{ — oa,x\) 
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Proof. For x > 2, both sides in (|A.26p are equal to zero, we thus just need to 
consider the case x < 2. First, since A" is a proper subset of Vo{M.), 



Next, we need to prove 



Kix)< inf /(/i). (A.27) 

tJ.eMx{i-oD,x]) 



K{x)> inf /(m). (A.28) 



From Theorem 1.10 and Theorem 1.11 of Chapter IV in [27], we know that 
there is a unique probabihty measure, caU it ^q, which minimizes I{^) for all 
jji € 7Wo((— oo, x]), and the support of /xq is an interval, denoted as [a, 6] (with 
b < x). Since /ig is atomless, its distribution function F is continuous, increasing 
with F{a) = and F{b) = 1. Moreover, since /ig has zero mean, F~^{x)dx = 
0, where F^^, the inverse of F, is continuous and increasing on [0,1], with 
F-^{0) = a and F-^{1) = b. 

Now for any integer n > 2, construct an approximation to F^^ as follows: 
for i/n < X < {i + l)/n, let 



G+(x) = < 
and let 



^{F'\^){x-i)+F~\^){:^-x)), if0<z<n-2, 
b + X — ifi = ri — 1, 



a + x-^, if 4 = 0. 



From this construction, jj^ G^{x)dx > and Jq G„ {x)dx < 0. Next, let 
+ _ - /o G- {x)dx J^G+{x)dx 



In 



Gt{x)dx - Gn{x)dx " Gt{x)dx - Gn{x)dx 

and let 

Gn{x) ^ -i+Gl{x) + -i-G-{x). 

Then, 

Gn{x)dx = 0, 



and since G„ is piecewisely linear, it is Lipschitz continuous. Let /i„ be the 
probability measure whose distribution function is the inverse function of G„, 
the Lipschitz continuity of G„ yields that /i„ G A", for any n > 2. From 
its construction, we know that /i„ is supported on [a — 1/n, fe+ 1/n], and 
converges to weakly as n goes to infinity, thus 

lim / x'^d^inix) = / x'^d^io{x). (A.29) 
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For the second term on the right side of (|A.5[) , 



log \x - y\dii{x)dii{y) = 2 / / \og{y - x)dii{x)dii{y) , (A.30) 

x<y 



let 



(A.31) 



and 



(A.32) 

be Riemann sum approximations of JJ^^ylog{y~x)dfj,o{x)d^o{y) and JJj.^y^og{y 
x)d/j,n{x)diJ,n{y) respectively. For any i < j, 



> 7: log I G: [■l±^) G+ ( ^)) +7- log ( G- ( -G-('- 



(A.33) 



and moreover, for any l<i<j<n — 2^ 



, „l (Ill) (i±i)) (i) 

(A.34) 

If log(?/ — x)dfj,o{x)dfj,o{y) ~ —00, (jA.28|) is trivially true, so assume 

this integral is finite. Moreover, since 7+ + 7^ = 1, 



^1™>!S^ \JJ ' yWn{x)d^.n{y) j - ^ jj log ~ yWo{x)d^.o{y), 

(A.35) 

and combining (|A.29p and (|A.35p . gives 

liminf /(^„) < /(/^o)- 

n— >-oo 

Since ^„ is supported on [a — 1/n, 6 + l/n] and from the right continuity with 
respect to x of mi^(zMx{{-ao,x\) -^(m)j we know that 

K{x)> inf /(^i), 

tieMx({-oo.,x\) 

which finishes the proof. ■ 
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To finish, we obtain the large deviations for the first r eigenvalues of the 
traceless GUE when at least one of them is on the left of the asymptotic mean: 



Corollary A.l For Xr < Xr~i < • • • < xi, and Xr < 2, we have 

lim i^logPfc" <a;i,--- ,^T'°<^r) = -K{xr), 
ace (Ci 

1 I '^2 1 ' ■ ■ j^m)j S'St 



Proof. Since ^^'^j ' • ' )^m'°) is the nonincreasing rearrangement of 



A 
B 



C°<^i,---,C'°<^. 



then 



Therefore, 



B < ^ < 



(to - r + l)!(r - 1)! 



S < to'\B. 



lim — 5- log A = lim — r-logi?. 



(A.36) 
(A.37) 



Changing variables: 



4" - {xi - Xr) = rji, for 1 < « < r - 1, 
= for r < i < TO, 



we then have: 



1 

TO 



< — If" - 0, as TO -> 00 

TO 



B = P(?7, < 1 < i < to) . 

Considering the two measures TllLi m X^i" 1 Vii for ^-^y bounded and 

Lipschitz function g, we have 

i=l i=l 

SO ^ J27Li ^-iid ^ X^i" 1 Vi are exponentially equivalent, and Theorem IA.2I 
also applies for the latter (see Theorem 4.2.13 in jTl]). So from (|A.25[) . we have 

lim -Xrlog B = -K{xr), 

m— >-oo ui^ 

and (jA.37p finishes the proof. ■ 
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